Given a graph G, a dominating set D is a set of vertices such that any vertex not in D has at least one neighbor in D. A {k}-dominating multiset D k is a multiset of vertices such that any vertex in G has at least k vertices from its closed neighborhood in D k when counted with multiplicity. In this paper, we utilize the approach developed by Clark and Suen (2000) to prove a ''Vizing-like'' inequality on minimum {k}-dominating multisets of graphs G, H and the Cartesian product graph G H. Specifically, denoting the size of a minimum {k}-dominating multiset as γ {k} (G), we demonstrate that γ {k} (G)γ {k} (H) ≤ 2k γ {k} (G H).
Introduction
Let G be a simple undirected graph G = (V , E) with vertex set V and edge set E. The open neighborhood of a vertex v ∈ V (G) is denoted by N G (v) , and the closed neighborhood of v is denoted by N G [v] . A dominating set D of a graph G is a subset of V (G) such that for all v ∈ V (G), N G [v] ∩ D ̸ = ∅, and the size of a minimum dominating set is denoted by γ (G). The Cartesian product of two graphs G and H, denoted G H, is the graph with vertex set V (G) × V (H), where vertices gh, g ′ h ′ ∈ V (G H) are adjacent whenever g = g ′ and (h, h ′ ) ∈ E(H), or h = h ′ and (g, g ′ ) ∈ E(G).
In 1963, and again more formally in 1968, Vizing proposed a simple and elegant conjecture that has subsequently become one of the most famous open questions in domination theory.
Conjecture (Vizing [11], 1968). Given graphs G and H, γ (G)γ (H) ≤ γ (G H).
Over the past forty years (see [1] and references therein), Vizing's conjecture has been shown to hold on certain restricted classes of graphs, and furthermore, upper and lower bounds on the inequality have been gradually tightened. Additionally, as numerous direct attempts on the conjecture have failed, research approaches have expanded to include explorations of similar inequalities for total, paired, and fractional domination [6] . However, the most significant breakthrough occurred in 2000, when Clark and Suen [4] demonstrated that γ (G)γ (H) ≤ 2γ (G H). This ''Vizing-like'' inequality immediately suggested similar inequalities for total [8] and paired [9] domination (2008 and 2010, respectively) . In 2011, we [3] improved the inequalities from [8, 9] for total and paired domination by applying techniques similar to those of Clark and Suen, and also specific properties of binary matrices. In this paper, we explore integer domination (or {k}-domination), and again generate an improved inequality with this combined technique.
A multiset is a set in which elements are allowed to appear more than once, e.g. {1, 2, 2}. All graphs and multisets in this paper are finite. A {k}-dominating multiset D k of a graph G is a multiset of vertices of V (G) such that, for each v ∈ V (G), the number of vertices of N G [v] contained in D k (counted with multiplicity) is at least k. A γ {k} -set of G is a minimum {k}-dominating multiset, and the size of a minimum {k}-dominating multiset is denoted by γ {k} (G). Additionally, note that a {1}-dominating multiset is equivalent to the standard dominating set.
The notion of a {k}-dominating multiset is equivalent to the more familiar notion of a {k}-dominating function. The study of {k}-dominating functions was first introduced by Domke, Hedetniemi, Laskar, and Fricke [5] (see also [7] , pg. 90), and further explored by Brešar, Henning and Klavžar in [2] . The authors of [10] investigate integer domination in terms of graphs with specific packing numbers, and the authors of [2] prove the following ''Vizing''-like inequality:
Observe that for k = 1, Theorem 1 is equivalent to the bound proven by Clark and Suen. In this paper, we improve this upper
, and prove the following theorem:
Again, for k = 1, Theorem 2 is equivalent to the bound proven by Clark and Suen.
In Section 2, we explain the basic notation and concepts required for the proof, and in Section 3 we present the actual proof.
Preliminaries
In this section, we introduce the necessary concepts and definitions used throughout the paper. Given a universal set U, A is said to be a multiset of U if its elements are only those present in U. We denote the number of occurrences of a particular element x in A by |A| x . The union of multisets is denoted by ⊎. Letting A and B be multisets of Assuming that vertex 1 is assigned to be dominated by vertices 1 and 2 (denoted as 1 → {1, 2}), vertex 2 → {2, 3}, vertex 3 → {2, 3}, vertex 4 → {3, 4} and vertex 5 → {5, 5}.
Observe that each v ∈ V (G) appears in exactly two sets in P G , and that each P G i is a set (i.e., it contains no duplicated elements), but P G itself is a multiset.
We also observe that the multiset A = {1, 2, 2} dominates the multiset B = {1, 1, 1, 2, 3}, since |A| N G [x] ≥ |B| x for all x ∈ B.
We now give definitions associated with the product graph G H. For any h ∈ H, the subgraph of G H induced by the set V (G) × {h} is said to be a G-fiber. The G-neighborhood of vertex gh consists of the neighbors of gh which lie in the fiber V (G) × {h}, including itself. Similarly, H-fibers and the H-neighborhood can be defined. Note that for any vertex gh, the intersection of its G-neighborhood and H-neighborhood is the singleton set {gh}. Now let A be a multiset of V (G H). The projection of A on G is a multiset of V (G) defined as follows.
Similarly Φ H (A) can be defined.
We end this section by stating a proposition whose proof is a straightforward application of the definitions stated above. 
Proposition 1. Given graphs G, H
1 ⊎ A 2 dominates B 1 ⊎ B 2 . 2. Let A be multiset of V (G H). Then |Φ G (A)| = |Φ H (A)| = |A|.
Main proof
We now start with the details of our proof. Let {u 1 , . . . , u γ {k} (G) } and {u 1 , . . . , u γ {k} (H) } be minimum {k}-dominating multisets of G, H, respectively, and let I = {1, . . . , γ {k} (G)} and J = {1, . . . , γ {k} (H)} be the corresponding sets of indices. Addi- 
Proof. We first prove
blocks (when counted with multiplicity). Furthermore, each vertex gh in G H appears in exactly k 2 of the blocks in P
We now define a notion of ''strips'' in G H, which is similar to the notion of fibers defined earlier. For j ∈ J, let each of the sets V (G) × P H j be a G-strip, and similarly the sets P G i × V (H) be H-strips. Note that the G-strips (H-strips) form a k-partition of V (G H). Also, each G-strip contains γ k (G) blocks, and each H-strip contains γ k (H) blocks.
We now assign a dominator from D to each copy of vertex gh in V . As each gh appears in exactly k 2 blocks in P G × P H , it is sufficient to assign a dominator to gh corresponding to each of the blocks containing it. Let F be this assignment function.
Thus, F is defined over the set V (G H) × (P 
